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ABSTRACT: Small perturbations of a black brane are interpreted as small deviations from
thermodynamic equilibrium in a dual theory with the AdS/CFT correspondence. In this
paper, we calculate hydrodynamics of the dual Yang-Mills theory in the gravity side using
membrane paradigm. This method is different from the usual AdS/CFT correspondence
and evaluate classical solutions not at boundaries but at a place slightly away from a
horizon. There are sound modes or shear modes for gravity perturbation. For sound modes,
such calculation at the horizon has not yet been done. Then, we find that boundary stress
tensor at the horizon satisfies conservation law in flat space and can represent dissipative
parts of stress tensor in the dual theory by holography. Using them, we can read off directly
shear and bulk viscosity of the dual theory. Quasi-normal modes are solutions to linearized
equations obeyed by classical fluctuations of a gravitational background subject to specific
boundary conditions and are also gauge-invariant quantities. We use solutions for each
fluctuation that compose such quantities and show that quasi-normal modes are consistent
with the membrane paradigm.
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1. Introduction

The AdS/CFT correspondence [-[] makes it possible to analyze quantum states of some
field theories by obtaining classical solutions of the corresponding supergravity on the
AdS spacetime (in the zero temperature case) or a black brane background with an event
horizon (in the finite temperature case). In the real-time finite-temperature AdS/CFT
correspondence, boundary conditions at the horizon and the infinity must be imposed on
classical solutions on such a background. On the horizon, we choose the incoming wave
boundary condition.

One of the interesting applications of the finite temperature AdS/CFT correspondence
is the calculation, in the gravity side, of the viscosity coefficients of Yang-Mills theories.
There are many methods to calculate viscosity coefficients using the AdS/CFT correspon-
dence. First, the shear viscosity in N' = 4 supersymmetric Yang-Mills theory is calculated
using real-time finite-temperature AdS/CFT correspondence [fl. This method evaluates
classical solutions of the supergravity at the boundary of the spacetime.

Second, the viscosities in Yang-Mills theories are calculated by considering the quasi-
normal modes on the supergravity background. As we will see later, quasi-normal modes
are invariant under infinitesimal diffeomorphisms, and they vanish at the infinity and satisfy
the incoming boundary conditions on the horizon. We identify the quasi-normal frequencies



with the singularities of the retarded Green’s function in Yang-Mills theories. By using
further the constitutive relations of the dual Yang-Mills theories, we can read off the shear
and the bulk viscosities. This method is more suited than the first one for evaluating the
subleading terms of the dispersion relation.

Third, the membrane paradigm [, fj] is a more direct method to calculate the viscosity
coefficients. In this method, we define a conserved quantity on stretched horizons which is
composed of U(1) gauge fields. By imposing the above boundary conditions at the infinity
and on the horizon, we can reconstruct a part of the hydrodynamic equation of the Yang-
Mills theories. From this, we can read off the shear viscosity of the Yang-Mills theories.
However, the membrane paradigm has a fewer applications than the above two methods. In
particular, the bulk viscosity has not been calculated in the membrane paradigm approach.

The main purpose of this paper is to read off the bulk viscosity from the coefficients
of the hydrodynamic equation obtained by the membrane paradigm. In this analysis, it is
crucial to start with the quasi-local stress tensor of Brown and York [f]] defined not at the
boundary but near the horizon. (See [f] for an analysis of Brown and York’s quasi-local
stress tensor in the AdS/CFT correspondence.) Then, we deform the quasi-local stress ten-
sor so that it satisfies the conservation law in flat spacetime and can represent the dissipative
part of the stress tensor in the dual theory by holography. Using this deformed quasi-local
stress tensor, we can read off the shear and the bulk viscosity of the Yang-Mills theories.

The organization of the rest of this paper is as follows. In section 2, we review the
quasi-normal modes in near-horizon geometries of black p-branes [E, E] and give solutions
for each fluctuation that composes quasi-normal modes. We use the quasi-normal modes to
count the degrees of freedom of the system. In section 3, we review the Brown and York’s
boundary stress tensor and the constitutive relations of the stress tensors. Following the
membrane paradigm approach, we construct a conserved stress tensor near the horizon
from which the viscosity can be read off. In other words, we calculate directly the shear
viscosity, the bulk viscosity and the sound velocity from the quasi-normal mode using
the membrane paradigm. Our result means that the quasi-normal mode analysis in the
AdS/CFT correspondence is consistent with the membrane paradigm approach. The final
section (section 4) is devoted to a summary and discussions.

2. Quasi-normal modes and the solutions of fluctuations H,,, (r)

In this section, we first review (in section 2.1) on the quasi-normal modes of the gauge
invariant fluctuations on near horizon geometries of black p-branes [, [0]. However, the
gauge invariant fluctuations are insufficient for our analysis using the membrane paradigm.
Therefore, in section 2.2, we present solutions for H,,,, which constitute the gauge invariant
fluctuations.

2.1 Quasi-normal modes: review

The quasi-normal modes are solutions to the linearized equation for fluctuations with imag-
inary frequency. They are invariant under infinitesimal diffeomorphisms, vanish at the



infinity and satisfy the incoming boundary conditions on the horizon. The quasi-normal
modes are necessary for analyzing to quasi-local stress tensor near the horizon.

Let us use following action in p+ 2 dimensions which is obtained from the supergravity
action by dimensional reduction [[L1] and consists of the metric and a dilaton:

p+2 B K 1 / Pl /—~OH
Tk = 1677Gp+2/ dPT N/ — < (9) 28,@8 ¢ 77(¢)> 87 rs a/vtd z/—70",
(2.1)
with
9—p
1 2n2 I8P (7T=p)(p—9) 16-p 4 8(9—p)
— , ’]D — p(7—p) , = 2.2
Gp+2 F(g%p)Gl(] (Qb) 2L2 € ﬁ p(7 _ p)2 ( )

In (R.1) and (P-3), v is the induced metric on the boundary, ©# is the extrinsic curvature,
and L is the radius of dimensional reduction. The following black p-brane geometry is a
solution to the equation of motion of (R.1)):

dspio = —C(r)dt? + & (r) Zd:ﬂ + & (r)dr?,

and
o(r) = - 8PPy, (7): (2.4)

with f(r) =1— (rq/r)"P.
Let us consider fluctuations of the bulk fields around the black p-brane solution. We
focus on a single Fourier component that propagates along the coordinate z = zP:

O (t, 2,1) = e_i(“’t_qz)hw, (r),
56(t, 2,7) = e~ (). (25)

In the following, we omit writing the exponential factor e~*“*=%2)  Then, the SO(p — 1)
symmetry of the space (x1,z2,...,2p—1) groups the fluctuations into three channels:

scalar — sound channel : hy, hes, hysy Byry By By By @

vector — shear channel : hyq, hyq, hrg
h

traceless tensor — scalar channel : hyp — dgp — (2.6)
with a,b=1,...,p—1and h =) hee. Instead of h,,, we use the following H,,,
hir(r) = G (r)Hin(r),  hy(r) = & (r) Hua(r), (2.7)

with a = 1,...,p. We impose the gauge fixing condition dg,, = 0. As already mentioned
above, quasi-normal modes [f] are gauge invariant fluctuations under the residual gauge



transformations z# — x# +&H, 69, — 09w — V& — V€, and 69 — d¢ + 0HpE,, and are
given by

2 / 2

c In'(er)c

Zo = @*“L Hy + 2qwHy, + w*H,, + <q27,( 7) L _ w2> Hy,
Cx / In'(cx)ck

Zy = —————~x 2 Haa;
oY (&) 20
(Zl)a = tha + WHzay
(Z2)ab = Hab - 5abH17 (28)

where H; = 1% Yo Haa. The fluctuations (Zy, Z,), Z1 and Zy correspond to the three
kinds of modes of (2.6). Note that the number of modes (R.§) is indeed equal to the num-

w + 1 from graviton and

ber of degrees of freedom of gauge invariant fluctuations;
dilaton minus 2(p + 2) of diffeomorphism.
We use the following dimensionless ratios

— _ -1 2.
n o2nT’ 4 2nT’ (2.9)

where T is the Hawking temperature of the black p-brane (R.3),
7 _ p TO (7;1?)
T = (—) . 2.1
47 To L ( 0)

Gauge invariant fluctuations (R.§) follow linear equations of motion. From the analysis

near the horizon by imposing the incoming boundary condition there, they are expressed
as follows:

ZA(T) = CAf(T)_i%YA(T)v (A =0,0,1, 2) (211)

with Y4(r) analytic at r = 9. Solving perturbatively for Y4(r) in the high temperature
limit, m <« 1 and q < 1, we impose the Dirichlet boundary conditions at infinity,

Z4(r)|p—oe = 0. (2.12)

Boundary conditions (P-I9) are important because these determine the dispersion relations.
For the shear channel, we obtain

(Z1)a(r) = (C1)af(r) ™2 (1 = f(r) + O(m,q%)), (2.13)

and the familiar dispersion relation,

2
m= —i%. (2.14)

For the sound channel, we first evaluate the fluctuation,!

_ ¢’
Ny=yp— m > Haa. (2.15)

"When we put the reflection of ¢, ¢ — —¢, under which Z4 and N, interchange the roll: Ny becomes

invariant under the diffeomorphism.



N, satisfies the second order differencial equation,

P 2 2
NY + log (CZ—X> N+ &, <“—2 - %) N, = 0. (2.16)

Al

There are two independent solutions of (R.16) namely, the incoming wave type and the
outgoing wave type solutions, and are no gauge dependent solutions which in general exist
when we evaluate H,, in the next subsection. Thus, there is no diffeomorphisms which is
consistent with (2.16) and change Ny. Because of the invariance of Ny, we also impose the
Dirichlet boundary condition (R.12) on Ny, together with Zy and Z4. We obtain

Zo(r) = Cof(r)"2(1 — f(r) + O(m®,q?)),
N, =0, (2.17)

— _ 2.18
m 9_pq Zg_pq + ( )

Ny is zero because there are no analytic solutions at r = rg except a constant, which we

and the dispersion relation,

set to zero by the boundary condition (R.13). As Ny = 0, Z, is proportional to H; for
p # 3. We show that for p # 3, Hi|,—cc = 0 in the appendix A.3. Note that for p = 3,
H; is not invariant under the diffeomorphism, and ¢ becomes independent of H,,, (see the
differential equations of H,, and ¢ in the appendix A.2).

2.2 Solutions for fluctuations H,,(r)

For the analysis based on the membrane paradigm, we have to evaluate Brown and York’s
boundary stress tensor near the horizon. However, the boundary stress tensor cannot be
expressed solely by gauge invariant fluctuations; we need the functions H,, (r) themselves
that compose gauge invariant fluctuations (E.§). In solving the equations of motion of
H,,(r), we impose on H,,, the incoming boundary condition near the horizon, up to the
residual gauge transformations.? For each fluctuation, the Dirichlet boundary conditon at
the infinity, H,,|r—oc = 0, may be imposed. This is the boundary condition adopted in the
membrane paradigm approach [ff], but is not the one for the usual AdS/CFT (see also [[LJ]).
Using the Dirichlet boundary condition, we can read off viscosity of the dual field theory
from constitutive relations of holographic stress tensor.

For the shear channel, such functions H,, () which satisfy the incoming boundary
condition up to the residual gauge transformation are

o= 078 (s + o))+

H.,= %{f(r)"’

NIE

(1 _ zg + 0(q2)) - c}, (2.19)

2From the analysis of the equations of motion of H,, near the horizon, we obtain three (four) independent
non-singular solutions for the shear (sound) channel. In both channels, two of them are the incoming wave
solution and the outgoing one. The other solutions correspond to the residual gauge transformations .



where ¢ is an arbitrary constant corresponding to the freedom of residual gauge transfor-
mation, and the factors 1/q and 1/m are multiplied for later convenience. Of course, if
these solutions (R.19) are substituted into the gauge invariant fluctuation Z; in (2.§) and
the Dirichlet boundary condition is imposed, we reobtain the quasi-normal mode (2.19)
and the dispersion relation (R.14). By imposing the Dirichlet boundary condition on the
two fluctuations in (R.19), we obtain ¢ = 1.

Next, let us consider H,, constituting the sound channel; x = H., — Hy, Hy,, Hy and

H,. For the first two, we have
m2
—?p +Xq | ey,
1

Hmziﬁ{fﬂwﬂ—m@—lvwwuxfn—e+ﬂwﬁ, (2.20)

(1]

x=H.,—H = m—é{f(?‘)_l

where e and d are arbitrary constants of the residual gauge transformations, and x, is an
O(q) quatity, the precise form of which is not impotant below. If we impose the Dirichlet
boundary conditions on x and Hy,, we obtain e = d = (m?/q?)p + O(q). For Hy and Hy,
we have not succeeded in constructing analytic solutions definded globally in all the region;
we obtained solutions only near the horizon (and at the infinity). Taylor-expanding the
analytic part at the horizon with respect to x = r — rg, we obtain

it (1- 8 ”—+m%>)

1
q2 p 7o
1

f(
2{f 5 (r ( p3p2(3_ )zf_OJrO(q,x?))—d}. (2.21)

Htt -

Q

3. Holographic stress tensor

In this section, we evaluate Brown and York’s boundary stress tensor on the surface slightly
away from the horizon to obtain the viscosity coefficients in the dual Yang-Mills theories.
Though the equation of motion of the boundary stress tensor is given covariantly on the
boundary of the black p-brane spacetime with fluctuations, we deform it so that it satisfies
the conservation law in the flat space. Then, the dissipative parts of the deformed stress
tensor can represent the energy momoentum tensor of the dual Yang-Mills theories. At this
time, we use the membrane paradigm. We consider the stretched horizon M of dimension
p+1located at r = rp = rg+¢€ (€ < rg), and evaluate the deformed boundary stress tensor
on OM which is composed of the gravity perturbations H,, .

3.1 Quasi-local stress tensor on black p-branes

We consider the spacetime M of the black p-brane (R.3) with fluctuation (R.J) which has
the stretched horizon dM located at r = ry,. Let g, and n* denote the metric of M (with
fluctuations) and the outward-pointing normal to OM with normalization n*n, = 1. The
induced metric on the stretched horizon, v,, = g, —n,n., acts as a projection tensor onto
OM. The extrinsic curvature on M is given by ©,, = —v,'V,n,. Following the analogy



with the Hamilton-Jacobi approach (in the equation H = —85221, consider T to be v,,),
the stress tensor of Brown and York is given by
2 6 1
™ = = O — 4He P). 3.1
\/__’7 5’7,uu 87TGp+2( 7 P ) ( )

In our case, the outward-pointing normal n# is
nt =(0,...,0,1/cr), (3.2)

with cg given by (R.3). First, the fluctuations of the shear channel contribute only to the
following three:

T

n
TZ :Ta - _ !/
¢ : 167Gpta %
nT
T'y = ————Hj
¢ 16nGpraf
n’r‘ f/
7% = ——+— | =H, — H', ). 3.3
t 167TGp+2 (f at at> ( )

Note that there are no classical parts in these components of the boundary stress tensor.
Second, the components of stress tensor containing the fluctuation of the sound channel are

n" ff9—p
7%, = — [+ 22 _H! —HH!
*= T6nCra <f + - wt+@—1) 1>7
T !/ 9 _p
b :5bn7 L - L _H —2)H! + H'
a a167TGp+2<f+ r tt+(p ) 1+ z |
n’ 9—0p
Tt — H! —1)H;
t 167TG;,;+2 < r + 2z + (p ) 1> )
n’f‘
T, = —— H'
©16mGpaf
nT f/
o =—"_ (Lpg,_—m,), 3.4
= Tongyrs (77 1) &4
where we have assumed that Hyy = Hog = -+ = H| = ZZ;} H,u/(p —1). Other compo-

nents than (B.3) and (B.4) are of order H?2.

3.2 Conservation law

For g,, and ¢ solving the equations of motion, the boundary stress tensor satisfies

g

DT = —7inht = ————
’ " 167G 12

J

d;pdrpn” (3.5)

where 7, is the matter stress-energy in the bulk, D; is the covariant derivative on OM,
and the indices 7 and j run over the cordinates on M. In both the shear channel and the
sound channel, our solutions satisfy the equation (B.5) in the hydrodynamic limit. This
equation is rewritten as

VEADI,; = 0,y =Aut) — VAT, =0, (36)



where w'; is defined by

g

! 716mGpt2

g worpn'. (3.7)

For the shear channel, the last term of (B.) containing Ffj vanish. This means that
v/ —7yw'; satisfies the conservation law in the flat space, 0;(v/—yw';) = 0. Thus, \/=—yw';
can represent the conserved stress tensor of the dual field theory. One might be tempted
to consider the symmetric tensor \/—yw®. However, this does not satisfy the conservation
law in flat space. Moreover, there appear terms in \/—yw®" that contradict the constitutive
relation of hydrodynamics.

For the sound channel, \/—y becomes ,/—=Y(o)(—H + Haa)/2 where | /=7() has no
fluctuations and Hoq = H,.+ ), Haq- To construct a quantity satisfying the conservation
law in flat space for the sound channel, we expand the last term of (B.6) with respect to
the fluctuation:

1
§(T(t(])thtaj +T(10)1Haouj ) + O(H2)7 (38)

where T(io)j is the stress tensor of the black p-brane and it depends only on r. This implies
that

ki _

T =—y(w'; =", K), (3.9)
with K given by
1
K=_
5(
satisfies the conservation law in the flat space to O(H):

Tl Hit + Ty, Hao), (3.10)

&T' = 0. (3.11)

This 7° j is regarded as the gravity counterpart of the energy momentum tensor of the dual
Yang-Mills theories for the sound channel [[]. Furthermore, since v/=yw?; is equivalent to
T*; for the shear channel (note that 6°; = 0 for the shear channel), we can take T¢; for
both the shear and sound channels.

3.3 Hydrodynamics on the stretched horizon

Our deformed boundary stress tensor 7%; (B.J) is related to the expectation value of the
energy momentum tensor T of the dual Lorentzian Yang-Mills theory in the following way:

qm<Tm>::T@, (3.12)

where 0¥/ = diag(—1,1,...,1) is the flat spacetime metric, and the right hand side should
be evaluated on the stretched horizon OM.? The energy momentum tensor T(p)ij for the
perfect fluid satisfies the constitutive relation:

T’ = (E + P)u'v’ + PnY, (3.13)

3The Brown and York’s boundary stress tensor at the infinity is related to the expectation value of the
energy momentum tensor in the dual Yang-Mills theory by the relation () (see [B]) On the other hand,
the boundary stress tensor on the stretched horizon is equal to the left hand side of () up to the overall
factor. This factor is not important for our later analysis.



where E, P and u’ are the energy, the pressure and the fluid velocity of the dual Yang-Mills
theory, respectively. Note that ¢ and j run p + 1 coordinates (i,j = t,a, z). The spatial
part of u? is equal to zero for the perfect fluid in the flat spacetime.

To generalize the formula (B.13) to the viscous fluid, one need to go to the next
order in the derivative expansion of the stress tensor, with at most one derivative in the
spatial coordinates. The dissipative correction for the energy momentum tensor with the
fluctuations of energy density dF and that of pressure § P is given by

6T = §E(u'v! + v2PY) — P4 P7 <C7]k18mum +n(0Ful 4+ 0P — —nkl(‘)mum)> . (3.14)
p

where 1 and ( are the shear and the bulk viscosity, respectively, v, = \/W is the sound
velocity, and P¥ = 5" +-v'u/ is the projection tensor on the directions perpendicular to u'.

Let us rescale the spacial components u® of the fluid velocity, and the shear and the
bulk viscosities by E + P to express them in terms of 7%, ~, and 7, respectively:

u = » n=mE+P), (= (E+P). (3.15)
Then, the last term of 6T% (B.14) is expressed as follows:
o 9
—P' Py (’ygno‘ﬁ&/ﬂy + 9y (8%7P + 8P — 5770‘687777)> . (3.16)

Here, we have dropped the terms containing the derivatives of u! since u’ = /1 + (u®)?2 is
equal to 1 in the approximation of keeping only terms linear in the fluctuation.

We now explain how to make the holographic identification (B.19) of the above stress
tensor T'; = T(p)ij + 6T'; with T! j on OM. Especially, we identify the dissipative correc-
tion 0TY with the H,, dependent terms in 77; (see (B.1) and (B.d) together with (B.d)
and (B-4)).* We have to check whether 77¥77;, is the symmetric tensor.

For the shear channel, our identification (B.13) becomes®

T, =T =7, (3.17)

a

T7q = —y(0,7% 4+ 0%1y) = —7y0°7q, (3.18)

where the 9,7 term is dropped in the last expression of (B.1§) since we are considering fluc-
tuations with a single fourier component e~*«“*=92). Substituting (B-17) for 7 into (B-13),
using (B.g) for T, and (R.19)) with ¢ = 1 (corresponding to the Dirichlet boundary condition

at the infinity) for Hy, and H,,, and evaluating (B.1§) on the stretched horizon (r = ry,) ,
we obtain

1

- 1
47T (3.19)

T

4The H wv independent terms of the boundary stress tensor cannot reproduce the perfect fluid part of the
dual Yang-Mills theory; energy density is zero compared with pressure because we calculate stress tensor
not at the boundary but near the horizon.

Here, we consider the boundary stress tensor 7 j on OM without any regularizations such as adopted
in

[



This is the familiar result [[f] for the shear viscosity in the dual Yang-Mills theory for a
black p-brane background. The same result is also obtained in [[[§] using the membrane
paradigm but in a different way.

We have to show that n7*77%;, for the shear channel is a symmetric tensor, namely, that

Tl =-T%, (3.20)
T, =T%. (3.21)

The second equation follows from (B.J). The first equation is shown by imposing the
Dirichlet boundary condition on Hi, and H,, and taking the limit ¢ — 0 so that the
condition q <« —1/log(e/rp) is satisfied.

For the sound channel, we impose the Dirichlet boundary condition on the fluctuations
X, Hi., Zog and Ng4. The Dirichlet boundary condition on Zj leads to the dispersion rela-
tion (R.1§). The Dirichlet boundary condition for x and Hy, given by (B.2() determines e
and d as follows:

m2
€ = ?p — Xg¢»
m? )
d= ?p — Xq +im(p — 1), (3.22)

Let 67°; denote the linear term of the fluctuation H;; in 7°;. Then, keeping only terms
proportional to 1/¢, we have®

e 1

t 1L _ STt —

0T = —5 57 (= —0T" = —4E),
2qme

2, =1T% —_il __mat
0I5 =T = 2qm € (=-T%),
5T, = ooy (d—im(p ~ (1 + Omlogc)) (= 0o1%)

z = @( —m(p — + O(mloge = ,

a __ sa 1 . . ab
0T = b@<d+zm(1 +O(nloge))) (= oTab), (3.23)

where the quantities inside the parentheses are the Yang-Mills counterparts, and we have
omitted the common factor n", /—v(py/(167Gp12) in the right hand sides. The origins of
the right hand sides of (B.2) are two (recall that 7°; is given by (B-) together with (B:7)).

%In this calculation, we can neglect the last term of (@), it follows from ) that B¢’ = 5= (3—p)>Hi
with Hi ~ e ™2 We also assume that /7o < q following [E], and that e™%/% < ¢/ry which is required
by the symmetric tensor condition (B.20). Note that there appear terms containing mloge which come
from the series expansion of fﬁim/ 2. However, such terms do not contribute to the hydrodynamics in our
approximation.

— 10 —



Oneis f'/f ~ 1/e in T%, (B4) multiplied by the terms in /=7 linear in the fluctuation:”

\/—_’y =, /—’Y(O)(l — Hy + Haa) = /=0 <1 + m_e2 + % + O(G)) . (324)

The other is the singular term T(lo)lH,m in (B.1(). The symmetric tensor condition for
the sound channel, 7¢, = —77%,, is satisfied on OM by taking the limit ¢ — 0 as seen

from (B.29) and (B.23). We can calculate the shear viscosity v, by considering the sound

channel. For this, we use the identification 7%, = T!, = 7, and
6T — 6T7, = 2v,0,7.. (3.25)

From these and (B.29) and (B.23), we reobtain (B.19). Note that, on left hand side of (§.29),
the leading 1/q%€ terms cancel between 677, and 67 in (B.29).
Next, we calculate the sound velocity v, and the bulk viscosity ~¢ of the dual Yang-Mills

theory. We can obtain the sound velocity by substituting 67 %, for dT** in the constitutive
relation (B.14):

6T7, = SEv? — v,0,7, <£ +2- g) . (3.26)
Tn p

We can neglect the v,0,7, term on the right hand side of (B.26). This follows from the

second and fourth equations of (8.23)): Vn0:ms /0T %, = 7,0, T", /0T, ~ q < 1, where we

have used the fact that q and m are of the same order as seen from (R.1§). Then, from (B.24),

we obtain the sound velocity:

Furthermore, we can obtain the bulk viscosity 7. by considering the subleading part
of (E20):
_ 23 -p)?
RTCErG
In fact, (B.29) and (B.2§) can be obtained from the conservation law (B.11]), the consti-
tutive relation (B.13) and (B.14), and the dispersion relation (R.1§). From (B.13) and (B.14),

we obtain®

(3.28)

W= vk — il <’Y< +2- —> k2. (3.29)
2 Tn p

Comparing this with the dispersion relation (R.1§) and using (B.19), we get (B-27)
and (B.29).

"When we derive () and (B.24), we also use the fact that the order q terms of Hy; and Heaa are of
the order €~ ™2; H,, = (e + O(e' ™2 qe'~ m/2))/m and Hy = (—d+ O(e!~™2 qe' ™2)) /g2, This follows
by substituting and () into (@) and (A.14) in the appendix and evaluating Xq In () and the
O(q, x?) terms in (R.21)).

8See also section 2.2 of [E]

— 11 —



4. Summary and discussions

In this paper, we calculated the viscosity coefficients and the sound velocity of the dual
Yang-Mills theory using the membrane paradigm. This result is significant because we cal-
culate the bulk viscosity of the dual theories by evaluating the coefficients of the boundary
stress tensor not on the boundary at the infinity but on the stretched horizon OM.

The Dirichlet boundary condition at the infinity becomes important for our analysis
because it determines the viscosity coefficients. For the sound channel, we imposed the
Dirichlet boundary conditions partially on x , Hy., Zo and Ng. For p # 3, Hy and Hyy
also converge to zero at the infinity. The supergravity (R.1]) for p = 3 is different from the
supergravity for p # 3 because in the former, the fluctuation ¢ doesn’t interact with H;;.

We also want to explain the difference and the similarity between the membrane
paradigm and the usual AdS/CFT correspondence. In the sense of the gravity energy,
the quasi-local stress tensor [fi, [[d] defined at the boudary of the AdS spacetimes can rep-
resent the expectation value of the energy momentum tensor of the dual theory in the
strong coupling region [[4]. In the same sense, we can define the quasi-local stress tensor
on OM as the gravity energy. However, as we explained in the section 3, it cannot show the
perfect fluid part <T(P)ij>. As the quasi-local stress tensor ’Z'ij is defined on OM, we guess
that we cut the UV information near the boundary at the infinity which will contribute to
<T(p)ij > But in the hydrodynamic limit, (that means IR) we guess that the small deviation
from the equilibrium may be seen. See also [[7, [[§]. They explain how the strings dissipate
at the horizons.
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A. Solving the equation of motion of the fluctuations

In this appendix, we briefly summarize the derivation of (R.I9) for the shear channel,
and (R.20) and (R.21)) for the sound channel.

A.1 Shear channel

There are two second order differential equations satisfied by H;, and H,, and one con-
straint associated with the gauge fixing condition A, = 0:

+2 2
H] +1n’ ( X > H|, — 2 R (qHq + wH.,) = 0, (A1)
CTCR X
Cp 2
H + 1o (C > Hly +w B (qHi +wH.) = 0, (A.2)
CR Cp
qH., + w—XHm =0. (A.3)
T
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These three equations are of course not independent; for example, from (A1) and (A.]),

we obtain (A.9). We multiply (A.D]) and (A.2) by rZ, and (A.3) by ro/27T, and rewrite
them in terms of dimensional quantites q, m and u = ro/r. We also use the relation

7T—p cx
T= . A4
47'('7’() CR\/T u=1 ( )

Then, (A1), (A2) and (A3) are reduced to differential equations which have valuable u
and parameters q and m, and are independent of L. We consider the solution to them

satisfying the incoming boundary condition,

Hta = f_i%na(u)a (A5)
H.o= [""2Y.q(u). (A.6)

We consider the high temperature limit, and regard q and m as being small and of the same
order. Therefore, expanding the analytic parts as

_ v a 1) a 2 2
Yio(w) = Y (u.3) + vl (w,2) +0 (v, ¢% am) (AT)
and similary for Y,,(u), we obtain the c-independent part of (B.19).

A.2 Sound channel

We have to solve the following five second order differential equations and three constraints

to derive (2.2() and (R.21)):

2 P 2 2

c w q qw 2 ,0P
Hji+1n' < ZRX> H},—n'(cp)H.,,—c% (gHaa+gHtt+2gth> _EC%%(’D =0,
(A.8)

" ! C§(+2 / C%%
H | H —t H,, =0
tz+n creR tz+c%(qw§a: aa )
(A.9)
I / CTC§(+1 / / / / 2 w? qw q2
sz+ln - sz+1n (CX)(Haa_Htt)+CR _2HZZ+2_2HtZ+T Htt_ZHaa
CR cr Cr x a

2 ,0P

2= =0,
+pCR a¢¢
(A.10)
2p—1 2 2

crce w q 2 , 0P
H{/l + ln/ < C); > H{l + ln/(Cx) (H;:Z — Hl{t) + 02R <g — g) Hll + EC%%(’D = 0,
(A.11)

crdh 1 w2 g 1 ,0°P
"y X ' ZW(H  — H 2 (2 4 _ 2T =0
% +D<—CR >90 +2¢( aa )+ cr C?r Cg{ ¥ 5CR8¢290 )
(A.12)
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and
+1’< >Haa+2H;Z+2 1’( >th+ﬁ¢<,p_0 (A.13)
cr w cr

2
C wcC
Hj, —In' <—X> Hy + ——;(Ht’z — E H, —Bdo=0, (A.14)
cTr q Ct P

2
In'(erdy )H(/m 1H/(C§()Htt+CR (w

2
Haa+2 th (Htt_z Haa)) (A15)
Cr a

OP
B¢’ + C%%so =0,

where Hoo = H.. + Y, Hqq. Among the eight equations given above, we consider four
equations, (A.9), (A.1d) subtracted by (A.11]), (A.13) and (A.14), for obtaining four
unknown functions Hy,, x = H,.. — Hi, Hi = Y, Haa/(p — 1) and Hy. Recall that ¢
is given in terms of Hj (see footnote 6). The remaining four equations can be derived
from the four equations we solve. We rewrite the four equations in terms of u, q and
m and consider the solutions satisfying the incoming boundary condition at the horizon,

H;; = f —in/ 2YZ- and y = f~™/ 2YX, as in the case of the shear channel. We can obtain
Y;(Z) and Y(l) from ([A.9), and Y)EO) from ([A-10) subtracted by (A11).° In solving (A:1])
and () for Hy and Hp, we Taylor-expand f and Yz and Y7 with respect to u — 1 in
each order of q and determine the coefficients.

A.3 The Dirichlet boundary condition in the sound channel

The sound channel fluctuations (B.20) and (R-21)) are obtained by adding the gauge terms
(e and d terms) to the solutions given in A.2. In section 3.3, we imposed the Dirichlet
boundary condition H;j|y=0o on x and Hy, to fix the values of e and d as given by (B.29).
For p # 3, the solutions Hy and H; in (R.21)) also satisfy the same Dirichlet boundary
condition at the infinity. To see this, we consider the behavior of the solution (R.21)) at the
infinity. We expand H; in powers of 1/u,

[e.e]
1
= Z c’fﬁ (n is integer), (A.16)

and substituting this into (A1) and using the explicit formula of (P-20), we find ¢} = 0
(I < 0). Then, from the comparision with the quasi-normal modes (R.I7) which is
composed of Hjj,
¢t o I0'(er)ci 2
ZO’u 0o = q Htt+2qWth +w sz-l-( — 5 — W )Hl :O, (Al?)

X ln,(CX )C,zX' U=00

we can see that Hy|,—oo and the others go to zero at the infinity with the gauge dependent
terms given in (B.29).

9We can determine Yt(zo), Y, (up to the overall factor) and Y,EO) without considering the O(q?) terms

in (@) and () subtracted by () The overall factor of Y;(Zl) can be fixed by evaluating the 1/(u—1)
terms in the O(q?) part of @)
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